The production of strange particles (kaons, hyperons) and hypernuclei in light charged particle induced reactions in the energy range of a few GeV (2-15 GeV) has become a topic of active research in several facilities (e.g., HypHI and PANDA at GSI and/or FAIR (Germany), JLab (USA), and JPARC (Japan)). This energy range represents the low-energy limit of the string models (degree of freedom: quark and gluon) or the high-energy limit of the so-called spallation models (degree of freedom: hadrons). A well known spallation model is INCL, the Liège intranuclear cascade model (combined with a de-excitation model to complete the reaction). INCL, known to give good results up to 2-3 GeV, was recently upgraded by the implementation of multiple pion emission to extend the energy range of applicability up to roughly 15 GeV. The next step, to account also for strange particle production, both for refining the high energy domain and making it usable when strangeness appears, requires the following main ingredients: i) the relevant elementary cross sections (production, scattering, and absorption) and ii) the characteristics of the associated final states. Some of those ingredients are already known and, sometimes, are already used in models of the same type (e.g., Bertini, GiBUU), but this paper aims at reviewing the situation by compiling, updating, and comparing the necessary elementary information which are independent of the model used.
Introduction
The modelling of nuclear reactions involving a light projectile and an atomic nucleus from a few tens of MeV to a few GeV is important for a large variety of applications, ranging from nuclear waste transmutation, to spacecraft shielding, through hadron therapy. This type of reactions is called spallation reactions. Technically, it is assumed that a proper description of spallation reactions starts at about 100-200 MeV. However, special attention to the low energy domain showed that results down to a few tens of MeV could be as good as those obtained via models dedicated to the description of low energy nuclear reactions [1] . Spallation reactions are usually described by two steps. The first step is called the intranuclear cascade (INC), because the incident projectile gives rise to a cascade of hadronic reactions within the nucleus with emission of energetic particles leading to a remaining excited nucleus. The second step is the deexcitation of the nucleus via evaporation, fission, fermi-breakup, or multifragmentation. During the last twenty years great improvements have been achieved modelling those reactions, often driven by projects on spallation neutron sources (shielding of neutron beams or transmutation of nuclear waste). In 2010, IAEA tested the reliability for most of the models used worldwide [2] . Various observables enabled to scrutinize the qualities and shortcomings of the models.
The INCL (Liège Intranuclear Cascade) model, which is developed by the authors of this paper, was recognized as one of the best spallation code up to 2-3 GeV according to the IAEA 2010 benchmark. We decided then to improve and extend our model [3] . Among the different topics one can cite the improvement of low-energy cluster-induced reactions [4] , the few-nucleon removal study [5, 6] , and the extension to high energies (up to 15 GeV) [7, 8] . For extending the model to high energies we introduced the main new channel, which is multiple pion emission in N N and πN interactions. This type of emission is based on the hypothesis that the produced baryonic resonances have so short lifetimes that their decay, in several pions, occurs before they interact with another particle in the nucleus. In addition, the overlap of their large widths makes difficult the choice of a specific resonance. Finally, the very good results obtained when comparing the new model predictions to experimental data and other models confirmed that the main features can be described on this manner. However, other particles, especially strange particles, can be produced to a lesser extent when the energy goes up. Even if they only play a minor role during the cascade, strange particle production contributes a few percent of the nucleon-nucleon inelastic cross section for energies from 2 GeV to 15 GeV; therefore, taking them into account could improve the modelling. The improvements and implementations will also bring new possibilities, which are important for simulating specific experiment involving, for instance, kaon emission. Comparisons with experimental data may also probe the nuclear medium effects. In addition, hypernuclei, whose interest grows with new facilities and experiments (e.g., HypHI and PANDA at GSI and/or FAIR (Germany), JLab (USA), J-PARC (Japan)), can also be studied. We want to stress the particular interest of possibility of studying hypernuclei with the extended INCL model. Beyond having a general high predictive power, the combination of the INCL model with the de-excitation Abla model is probably the most suitable tool to study the propagation of baryons in a nuclear medium, as testified by the IAEA intercomparison mentioned above.
The needed ingredients to account for strange particles (limited in this paper to Kaons, antiKaons, Lambda, Sigmas) are their characteristics, reaction cross sections involving strange particles in the initial and/or final state, angular distributions, momentum and charge repartition of the particles in the final state. This paper describes the ingredients and especially the parametrizations of the reaction cross sections involving strange particles. These ingredients are independent of the code considered and can be used in any other code. It is worth mentioning that hyperon and kaon production from a nucleus are already modelled in several codes, e.g., GiBUU [9] , JAM [10] , LAQGSM [11] , INCL2.0 [12, 13] , and Bertini [14] . Numerous scenarios exist to treat the production of strange particles. Some models split the energy range in two parts: a low-energy part with a center-of-mass energy roughly below 3-4 GeV and a high-energy part. The low-energy part is described either by resonances or directly by their decay products. However, the cross sections are then often treated differently as it is done in INCL; there are often given in resonant and non-resonant terms. For the high energy part the LUND string model [15] is usually used. Some other models, like Bertini and INCL, which both focus on the energy domain considered here, i.e., below 15 GeV, consider directly the decay products of the resonances and they rest on experimental data, calculation results (e.g., from string models), and approximations. Therefore, some information already exists. However, we investigated new parametrizations by using all available materials (experimental data, hypotheses, and models) and here we use the opportunity to report our best knowledge of the thus determined cross sections and to improve some parametrizations. Our goal is also to provide a rather comprehensive set of cross sections and angular distributions in an as simple and accurate as possible shape, that can be used by other model builders and/or end-users. In addition, our work attempts to a systematic and coherent elaboration of fitted cross sections, largely based on symmetry and simple hadronic models, as explained in detail in this manuscript.
The paper starts with the list of particles and reactions considered. Then, the way the reaction cross sections have been parametrized is described in sect. 3. Sect. 4 is devoted to the particles in the final states and more precisely to their emission angles and momenta. There we also describe the charge repartition. Since such information already partly exist in literature, comparisons of the earlier data with the new results obtained here are given in sect. 5. Finally, we draw some conclusions.
Particles and reactions
In a first step, only the non-resonant particles with one unit of strangeness were considered. Therefore Kaons (K 0 and K + ), antiKaons (K 0 and K − )(the difference between Kaons and antiKaons is relevant in this paper), Sigmas (Σ − ,Σ 0 , and Σ + ), and the Lambda (Λ) were added, i.e., particles with a nuclear spin J = 0 and J = 1/2 and with a strangeness −1 for baryons and ±1 for mesons.
The types of particles considered also define the types of reactions that must be considered. Doing so, we use their relative importance, given by the experimental cross sections. Knowing that the main particles that evolve during the intranuclear cascade are nucleons and pions, we consider reactions contributing at least 1% to the N N and πN total cross section and at least 10% of the total cross section for Y N (Y = Λ or Σ), KN , and KN reaction. The reactions take into account in this work are listed in table 1. This choice is based on available experimental data.
In addition, we include two other types of reactions. The first one considers strangeness production via ∆N reactions. ∆'s are less numerous than nucleons and π's, but are nevertheless expected to contribute significantly to the strangeness production according to the study of Tsushima et al. [16] . The second type is the strange production in reactions where many particles are produced in the final state but no measurements are available. Since their contributions increase significantly with increasing energy, a specific study was necessary to get the correct inclusive strangeness production cross section. table 2 lists the channels for both types of reactions also taken into account. Table 2 : List of the reactions involving strangeness and requiring information to be taken exclusively from models. Meaning of X is explained in sect. 3 and excludes the reactions cited in table 1 In the reaction listed in table 2, Kaon production is equivalent to strangeness production, since it is the only particle with strangeness +1 , in the energy range under consideration in this paper, which can counterbalance the production of strangeness −1 of Λ, Σ and K particles (strangeness is conserved in strong interaction processes).
Considering isospin, there are 488 channels, excluding the reactions N N → K + X and π N → K + X of table 2, which must be characterized by their reaction cross sections (sect. 3) and their final state, i.e., charge repartitions, emission angle, and energy of the particles (sect. 4).
Reaction cross sections
Among the ingredients needed to include new particles in an INC model, reaction cross sections are the most important. As far as possible they are taken from experimental data. However, measurements are not always performed on the entire energy range, rarely for all isospin channels, and are often inexistent when numerous particles exist in the final state. To overcome these limitations a step-by-step procedure has been developed to obtain parametrizations of the required cross sections (tables 1 and 2). First, an overview of the available experimental data has been performed. Second, two methods based on isospin symmetry allowed to extend our database by increasing the available information. Third, the still missing cross sections were determined using models and/or similar reactions with the help of plausible hypotheses. Finally, generic formulae, which can be applied to parametrize the cross sections, are given in the last subsection.
Available experimental data
The number of measured data for each reaction from table 1 are given in table 3. The energy range goes up to 32 GeV and the data are taken from Landolt-Börnstein [17] and two other papers [18, 19] .
Since some of the published experimental data are rather old, our study offers the possibility to check and summarize our knowledge of the cross sections. We therefore give for each reaction the number of isospin channels, number of experimental data points, and the Gini coefficient.
The Gini coefficient [20] is a statistical tool used typically in economy to measure the dispersion of a system (usually the income distribution of the residents of a nation). The coefficient takes values between 0 (perfect repartition) and 1 (maximal inequality). The Gini coefficient for the discrete case is calculated as following: Table 3 : Available experimental data points for reactions studied in this work with y i the number of data in the i th channel arranged as y i+1 ≥ y i (non-cumulative). This coefficient measures the repartition of data in the different isospin channels and, in our case (with a very high inequality and a high number of channels), correspond to the missing part of data for each reaction. For example, if G = 0.8 approximatively 80% of more data are needed to complete the 20% of existing data and to make the entire database for each channel as precise as for the most precise channel.
The table 3 shows the number of data depends strongly on the given reaction. For example, in average there are only 2-3 points per channel for the N N collisions while for the N K reactions more than 35 data per channel are available.
However, the Gini coefficients exhibit an important inhomogeneity (G > 0.5) with respect to the isospin channels. There is also a significant inhomogeneity, not given by the Gini coefficient, with respect to the energy range studied, with more data at the threshold and in the resonances region (see fig. 1 ). When available, these data nevertheless enable a reliable parametrization over the entire considered energy range (up to 15 GeV).
− reaction cross section as a function of the K − momentum. Data taken from [17] .
Using only experimental data the reaction cross sections were determined (sometimes partially) only for about 17% of the channels listed in table 1. For the remaining 83% various hypotheses were necessary, which are explained in some detail in the next subsections.
The Bystricky procedure
The first method used to get information on missing isospin channels is based on the assumption of isospin symmetry, which is described in detail by Bystricky et al. [21] . Their goal was to provide a phenomenological calculation tool for elastic and inelastic cross sections in the framework of isospin symmetry for the reactions NN → NNπ and NN → NNππ.
The procedure, which is based on the isospin decomposition of systems, was used by Sophie Pedoux [7] to find missing cross sections in channels involving multiple pion production. The procedure was applied up to the production of four pions and determined cross section were then implemented in a previous version of INCL. Briefly, the initial state of two nucleons |N N is projected on the final state decomposed into the nucleon final state N N | and the pion final state xπ|. The amplitude of the reaction is given by the following equation:
with M the reduced matrix element. The eq. 2 is subsequently decomposed using isospin projection:
with CG the associated Clebsch-Gordan coefficient, I (1) and I (1) 3 the N N system isospin and its projection, I (2) and
the xπ system isospin and its projection, I (i) and I
3 the initial state isospin and its projection and M I (1) I (2) I i the reduced matrix element for the isospin decomposition I i I (1) I (2) . This equation can be written as the isospin decomposition on each multiplet system involved in the initial and final state contracted on the reduced matrix element.
Next, by integrating over all kinematic variables of the final state and summing over all permutations we obtain a decomposition of the cross section on isospin states, which is then compared with others to establish relations between the different cross sections.
This same procedure was then applied to reactions involving strange particles. In our case, eq. 2 can be written as the tensor product of the nucleon, pion, Kaon, antiKaon, Lambda, and Sigma systems of the initial and final state contracted on the reduced matrix element. With this eq. 2 becomes:
with system1| and system2| a contraction of the final multiplet systems in two arbitrary systems. Note that the final result does not depend on the choice of contraction.
The so obtained results are either simple equalities between individual cross sections, resulting form the ClebschGordan coefficients associated with isospin symmetry, or equations between several cross sections resulting from the cross sections associated with a given total value of the isospin which can be expressed as sums of partial cross sections on various final charge states. Non trivial expressions of this kind are reported in appendix A in bold. As example, for the reaction Nπ → NKK we get:
Errors arising from this procedure are introduced by the isospin invariance hypothesis and are estimated to be in the range of a few percent, which is approximately the mass differences between particles belonging to a same multiplet.
The Bystricky procedure allowed us to reduce the missing information on the reaction cross sections by approximately a factor 2, i.e., we increased the knowledge of the reaction cross sections by about a factor of 2. Thus, at this stage 35% of the channels were parametrized, still 65% are missing. For establishing a complete database another method, also based on isospin symmetry, was used (see next section).
Hadron exchange model
In order to complete the dataset, a procedure based on the hadron exchange model (HEM) was developed. The basic of the model is to apply the isospin symmetry at the Feynman diagram level, considering only diagrams at leading order, to obtain cross section ratios. This way, once again, unknown cross sections can be determined from known cross sections.
This procedure is an adaptation of the method used by Li [22] and Sibirtsev [23] . In this method, complete Feynman diagrams are considered and not only the initial and final states as in the Bystricky procedure [21] . The method used by Li and Sibirtsev treats the case of pion and kaon exchange. Here, baryon exchange is also considered because of the type of studied cross sections. Initially, the hadron exchange model was developed with the idea to calculate explicitly a cross section and then using the isospin symmetry to determine easily other channel cross sections for a specific type of reaction. Here, the explicit calculation is replaced by a fit of experimental data. In the following, the method is explained and illustrated in an example.
Similar to the Bystricky method, the procedure determines in a first step relations between matrix elements and, in a second step, the cross section ratios by integrating over all kinematic variables of the squared matrix elements:
To make things easier, the method used by Li and Sibirtsev neglects interferences between diagrams. They estimated that this hypothesis could change their result by about 30%. In our case, first we consider only the ratios between cross sections and second we check, as far as possible, the results by comparing to experimental data or results arising from the Bystricky procedure. Doing so, the cross section of a specific isospin channel can be rewritten as the sum of all individual diagram contributions:
with M Xi (channel) the diagram amplitude of the isospin channel with the exchange particle X i . In the reduced matrix element amplitude, there are three types of contribution: the initial and final fields, the propagators, and the vertices. Due to isospin symmetry, in the case of the same type of exchange particles, propagators and fields are identical. Therefore, the only difference between matrix elements comes from the vertices. However, the vertices have the same structure when the same particle types are involved. Consequently, these vertices are linked together by the isospin symmetry and this link can be obtained using Clebsch-Gordan coefficients. Note that Kaons and antiKaons have the same field and the same propagator because of the matter/antimatter symmetry. Considering a specific vertex with two incoming particles and one outgoing particle, the contribution can be written as:
with I out and I out 3 the outgoing particle isospin and its projection, I in(i) and I
the isospin and the projection of the i th incoming particle, V the matrix element associated to the vertex, CG the associated Clebsch-Gordan coefficient, and V X,Y,Z the projected matrix element for the incoming and outgoing particles of type X, Y, Z. Since Clebsch-Gordan coefficients are scalar, diagrams with the same type of exchange particle are linked by a coefficient that is independent of energy. The matrix element of one diagram can be rewritten as:
with M Xi the isospin-independent part of the matrix element and a Xi (channel) the product of all Clebsch-Gordan coefficients coming from each vertex (isospin-dependent part). A factor n! appears in the case of n identical particles in the final state. The matrix element M Xi contains all the propagators, field contributions, and the structure of the vertices. The a Xi (channel) coefficient is a real scalar, which contains only the factor linking the different matrix elements. Using eq. 10, eq. 8 can be rewritten as:
Two cases must be distinguished. In the first case, all |a X (channel j )/a X (channel k )| ratios are equal, independent of the diagram. In such a case, the cross section ratio of the two channels can easily be determined. In the second case with unequal ratios, extra information and hypotheses are required. In a first step, global relations obtained from the Bystricky procedure were systematically used as extra information. In a second step, hypotheses linking diagrams together or neglecting some diagrams are needed. Small coupling constants involved and/or small disintegration rates of the intermediate particles allow to leave out some diagrams. Note that all resonances (the ∆ particle is not considered as a nucleon resonance from an isospin point of view: J ∆ = J N ) are automatically considered because a given particle and its resonances have the same isospin and the same isospin projection. Therefore the a X coefficients are identical. Consequently, the sum over all diagram amplitudes with the same type of exchange particle can be treated as:
with X ( * ) i the particle and its resonances ( * ) and M X the isospin independent general matrix element of the particle type X defined as:
In order to illustrate the basic procedure, the way to solve the difficulties but also demonstrating the limits, we discuss an illustrative case based on the πN → ΣK reaction. Sadly, the hadron exchange model give no solution in this case but instead present the rare advantage to be relatively simple but to exhibit numerous problems, which appear often in more complex cases.
Five diagrams (three types), listed in fig. 2 , are considered. Using eq. 11 the cross section is given by: Doing the same calculation for each diagram, each channel, and each vertex gives the coefficients a Xi once a global normalization has been chosen. The counterweight of this normalization is hidden in the isospin-independent part of the matrix element. Here the choice is that the largest a Xi is equal to 1. All a 2 Xi are given in table 4. Only channels with an incoming proton are given here since channels with an incoming neutron can easily be deduced. It can be seen that the a 2 Xi coefficients of the π 0 p → Σ + K 0 channel are equal to the ones of the π
Second, another interesting point is given by the following relations:
Thus, if we define three new matrix elements:
eq. 14 becomes:
The |M i | 2 being unknown, extra hypotheses are needed to obtain other relations between the cross sections of the different channels. Their reliability will, however, directly affect the reliability of the final result. The hypotheses for this show-case are: the experimental data exhibit some similarities between the known channel cross sections (3 channels in the 10 that which should be parametrized are reasonably well measured). It can be reasonably argued that:
That implies:
Finally, two more hypotheses are necessary to link the isospin channel cross sections of the reaction πN → ΣK. First N and/or ∆ exchanges were neglected, because the strange decay ratio is very weak for most of the resonances. Second, the graphs with a Λ exchange and a Σ exchange are supposed to be equivalent, because of their similar nature. Doing so, it follows:
We finally get:
After all necessary relations have been found, the result is always compared to the experimental data and/or the predictions by the Bystricky procedure, if available, in order to check if the hypotheses used are reasonable. Unfortunately, in this special case the result obtained by the HEM procedure is not very reasonable (see fig. 3 ), likely due to unreliable hypotheses.
We anticipate that, the Bystricky procedure predictions associated to available experimental data are sufficient for parametrizing all πN → ΣK channels. Then, exclusive cross sections were fitted channel per channel for the ones with experimental data and the other cross sections are determined using the symmetries from the Bystricky procedure. However, in cases without enough experimental data, the relations obtained with sometimes questionable hypotheses must be kept. In general, the reliability of relations found using this method decreases with the increasing number of outgoing particles. This is due to the increasing number of Feynman diagrams, which should be taken into account and which then increases the number of hypothesis needed. An example of a case that works well even if the prediction does not match perfectly over the entire energy range with the experimental data for many channels is shown in fig. 4 .
The errors introduced by this method on the isospin average cross sections are estimated to be around 10%-20%, supposing that hypotheses are wisely chosen because, even if a specific isospin channel is under-or overestimated by a large factor, the Bystricky procedure provides relatively strong constraints on the isospin average cross sections. The list of all graphs considered and relations found are available in appendix A.
Thanks to the use of isospin symmetry in the hadron exchange model, combined with experimental data and the Bystricky procedure, around 72% of the required information (table 1) can be obtained. 
Enlarging the data set
Unfortunately, both methods, which are based on isospin symmetries in combination with experimental data, are not sufficient to provide a parametrization for all reactions listed in table 1 . The missing cross sections were either obtained from models or from our best knowledge of similar reactions (notably based on reactions already studied in a previous version of INCL [3] ). The reactions of interest are:
Parametrization of the N N → N N KK reaction cross section parametrization is taken from [23] (Eq. 21). For the other four reactions we assume similarities with the already included reactions σ(N N → N N π) and σ(N N → N N ππ), taking into account the center of mass energy ( √ s in MeV in the following equations). Actually, in these cases, the changes in the shape of the cross sections, when adding a pion in the final state, is supposed to be the same as if a hyperon and a kaon replace a nucleon and a pion.
The factor 3 used in eq. 27 and eq. 28 is a normalization factor needed to fit the few available experimental data. The method was tested using the same type of reaction cross sections (strangeness produced or not) with the πN initial state that are already relatively well described. It appears also a factor of approximatively 3 between the cross section ratio σ πN → N πππ /σ πN → N ππ and the cross section ratio σ πN →Y Kπ /σ πN →Y K with the appropriately shifted center of mass energy. Note that this verification starts with the πN → N ππ reaction, because the reaction πN → N π is an elastic reaction and therefore, is clearly not similar to πN → Y K. The charge repartition is determined by using the work done in subsection 3.3 for N N → N N KK, N N → N ΛKπ, and N N → N ΣKπ reactions. As discussed previously, the method based on the hadron exchange model is not used to calculate the total cross sections for those reactions (too many hypotheses needed), but it can be used to determine the charge repartition. The charge repartition for N N → N ΛKππ and N N → N ΣKππ were determined using an approach by Iljinov et al. [24] , simplified to take into account only the combinatorics of the final state as it was done in the Bertini model [14] . The method determines the ratio of channel cross sections from a same reaction based only on the particle multiplicities in the final state as:
..
with x i the number of particle i in the final state.
In addition, and as mentioned in sect. 2 and table 2, two additional reaction types must be taken into account: strangeness production reactions with numerous particles in final states and ∆-induced strange production reactions.
For increasing energy, kaon production is associated with an increasing number of particles in the final state and, consequently, the reactions listed in table 1 are not sufficient to account for kaon production. Actually, the additional particles are mostly pions as demonstrated by the Fritiof model [25] (see fig. 5 ). Therefore, regarding the high-energy reactions N N → K + X and πN → K + X, inclusive parametrizations of the cross sections are determined from experimental measurement and individual cross sections can be generated by trying to reproduce as good as possible the particle multiplicities given by the Fritiof model [25] using a random generator.
The parametrization for ∆-induced strangeness production cross sections listed in table 2 are taken from [16] , except for the reaction ∆N → N N KK, which is discussed below and given in appendix B. Since the estimates given by [16] for the cross sections related to ∆N collisions are very large compared to the cross sections related to N N collisions with the same final states (factor ∼10), it was decided to take the isospin average cross section σ(∆N → N N KK) as 10 times the isospin average cross section σ (N N → N N KK) .
Even if the number of ∆ particles present in the nuclear volume during the collision is significantly lower than the number of pions and nucleons, ∆-induced reaction are expected to contribute significantly to the strangeness production. Indeed, the cross sections calculated by Tsushima et al. [16] for ∆-induced reactions are much larger than those measured for pion-induced or nucleon-induced reactions. However, for these parametrizations, they used hypotheses, which are not obviously good for the entire energy range studied in this work and the experimental data in N N → N Y K calculated with the same hypotheses are not always well reproduced (see [16] , Fig.7 ). Considering the rather large uncertainties associated to these theoretical cross sections, this kind of reaction is supposed to be the largest source of error on strangeness production in our code.
The charge repartition was determined based on information obtained from the Bystricky procedure and the Hadron Exchange Model.
Parametrizations
Different generic formula were used to parametrize the reaction cross sections. The reactions considered are of two types: elastic and inelastic. This section presents our choice of fit functions. We give below the generic formula and in appendix B the parametrizations for all reactions in the whole energy domain considered (momentum in laboratory frame of reference below 15 GeV ).
The elastic scattering cross sections become extremely large when the incoming particle momentum goes down to zero. Upper limits are placed at low energies to avoid cross section divergences. The limits have no consequences on the final result if placed high enough, because the cross sections are only used to determine which reaction will contribute. The elastic cross sections appear relatively complex in the energy range studied here to be defined by a singular function. As a result of which the energy ranges studied were split into several parts in order to get better parametrizations of the cross sections. The following functions were used:
Note that this kind of reaction is often resonant; the resonances are fitted by adding bumps of Gaussian shape on the underlying background.
The quasi-elastic reactions, which are N K → N K , N K → N K , and N Σ → N Σ , are especially problematic at low energies with respect to the assumption of isospin symmetry because of the existence or absence of reaction thresholds. This asymmetry is taken into account by a cross section shift, which "breaks" the isospin symmetry hypothesis for both reactions.
The inelastic cross sections are the most important for the physics studied here. A lot of different formulae were tested. The following function, which is similar to formulae found in literature, gives good results for most reactions. We used the basic formula over the entire energy range even for those reactions where only few data concentrated in a narrow energy range exist.
with p 0 the threshold momentum and a, b, c, and d positive fitting parameters. In a few cases, Gaussian functions are added in order to fit resonances.
Characteristics of the final states
After fixing the type of reaction, the final state must be determined. Doing so, charge and momentum must be assigned to each particle in the final state.
In most cases, charge repartition is determined using isospin symmetry and the hadron exchange model, which both predict relations between the isospin channel cross sections. The ratios are given in appendix A. We then randomly chose the charge repartition using the ratios determined before. For the reaction N N → N Y Kππ, the Bystricky procedure and the hadron exchange model discussed in sect. 3 are not able to provide any ratio. Therefore, the simplified Iljinov et al. approach [24] is used.
The other information needed to define the final state is the three-momentum of outgoing particles. In INCL, there are two different options to determine the kinematics of outgoing particles: the first one is to provide an angular distribution based on experimental measurements. The second one is to use a phase space generator, which is isotropic for the simplest cases or more sophisticated for more complex cases (Kopylov [26] or Raubold-Lynch [27] 
∆p(M eV /c)
Reaction Refs 225 -2374 The angular distributions for a given energy are usually parametrized using Legendre polynomials as follows:
with λ -the c.m. reduced wavelength, A l the l th Legendre coefficient, √ s the center of mass energy, Θ c.m. the angle of the outgoing particle with its initial momentum in the center of mass reference frame, and P l the l th order Legendre polynomial.
The experimental papers treating the angular distributions provide often A l at different energies [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] . If it is not the case, like in [48], Legendre coefficients were determined by us (c.f. appendix C). However, the Legendre coefficients determined in experiments strongly depend on the experimental set-up, like the backward detection and the angular binning, and can therefore provide an angular distribution that is only valid in a partial angular range. Sometimes, aberrations like negative density probability also appear. In an intranuclear cascade model, a description of Legendre coefficients as a function of the energy is needed. Doing so, a direct (non-parametric) fit of the A l using all Legendre coefficients coming from the experiments were done. Using these fitted A l , we observed that most of the negative density probability problems disappeared. When negative probability density problems persists, the density is set to zero. Thanks to the cross section parametrization (see sect. 3), only the A i ( √ s)/A 0 ( √ s) fittings are needed. Below, we elaborate on the two methods used to define the A i ( √ s)/A 0 ( √ s) ratios in the given energy range. The first method used is the Nadaraya-Watson kernel regression [49] . The parametrization of the ratios is obtained by determining the functionm h (x) given by:m
with (x i , y i ) the set of n data, K h is a kernel, here a Gaussian with a standard deviation defined so that their quartiles (viewed as probability densities) are at ±0.25h. The denominator in eq. 36 is the normalization term. In our analyse, the bandwidth was chosen as h = 25, 50, 100, 150 or 200 M eV /c either on the whole energy range or according to energy bins. The latter case is used when complex structures or narrow resonances appear, taking care of avoiding fitting non physical fluctuations. The second method used is the smoothing spline regression [50] . This method consists in the minimization of the following function:
with (x i , y i ) the set of n data,μ the non-parametric fit function (a spline), and λ the smoothing parameter. This method corresponds to the common χ 2 minimization with a second term used to limit quick variations in the fit function. The smoothing parameter was for each cases optimized by hand to obtain a good compromise between the smoothness and the proximity to the data in order to fit resonances but to avoid fitting the noise. As already mentioned, there is no fit function for the two non-parametric methods. The result is a tabulation of Legendre coefficients as a function of the momentum with bins as small as needed. An example is shown in fig. 6 . The two methods use completely different ways of fitting but give very similar results, as shown in fig. 6 . The choice to use one or the other was made case-by-case. Out of the data range, it was decided to use an isotropic distribution in the energy range below the experimental data and a more and more forward peaked distribution for higher energies Tables used in INCL are available as electronic supplementary material in "tabulation.pdf". Note that the extrapolation of the A i ( √ s)/A 0 ( √ s) outside the energy range considered here is not reliable and is likely to produce unphysical results.
Comparison with other models
Here we compare the input parameters determined in this paper, namely cross sections, charge repartition, and phase-space generation, to the same input parameters available in the literature and already used in other models considering strangeness production in the same energy range. These models are: (i) INCL2.0 [12, 13] , a version developed to study anti-proton physics and including kaon physics, (ii) the Bertini Cascade model [14] , and (iii) the GiBUU model [9] . To do this comparison, different examples will be discussed in order to show the strength and the weakness of each model.
The different models parametrize the reactions using different methods. The Bertini cascade model tabulates the cross sections based on parametrization and calculation at 30 kinetic energies corresponding to as many intervals whose width is increasing logarithmically with the incident energy and spanning the 0 to 32 GeV domain. In INCL2.0, cross sections were parametrized only for reactions with two particles in the final state. The parametrization is often a fit in one or two parts using a formula like σ = a p b , with p the momentum in the laboratory frame of reference. In the GiBUU model, the energy range is divided in two parts: the low-energy part is fitted with parametrizations and the high-energy part is treated using PYTHIA [51], which is based on the Lund string model [52] . The transition between the low-energy parametrization and the PYTHIA predictions is a smooth linear transition in an energy transition range. The energy range considered in GiBUU is √ s = 2.2 ± 0.2 GeV in meson-baryon collisions, which corresponds, in term of momentum, to 2.1 ± 0.5 GeV/c for pion nucleon collisions and to 1.9 ± 0.2 GeV/c for kaon nucleon collisions, and √ s = 3.4±0.1 GeV in baryon-baryon collision, which corresponds to 5.1±0.4 GeV/c for nucleon-nucleon collisions. Nucleon-nucleon collisions have a high contribution in the strangeness production. The first open reaction channel with a proton as a projectile is the pp → pΛK + channel, which is important at low energies but which contributes less and less at high energies. As shown in fig. 7 , all models reproduce well the experimental cross sections. However, in the range 3.7 − 5 GeV/c, where there are no experimental data, there are significant differences between the different fits. Such differences are very common when experimental data are not available in some energy range and/or are rather inconsistent.
A typical problematic channel is pp → pΣ + K 0 with the cross section parametrization shown in fig. 8 . The parametrization from our work matches relatively well the experimental data at energies up to 4 GeV/c but underestimates the high energy part. This is due to the compromise between inclusive calculations from the Fritiof model [25] and exclusive cross section measurements. We have chosen to artificially reduce our fit in order to be consistent with the inclusive cross section data. However, this type of reaction could deserve extra work according to its contribution in Figure 7 : The pp → pΛK + cross section fits from the Bertini cascade model(green line), GiBUU(blue line), and this work(red line) compared to experimental data(black dots) as a function of the incident proton momentum. Note that above 5.5 GeV/c GiBUU used Pythia, and so has no proper parametrization. INC models. Another crucial point for this type of reaction, which can also be observed in fig. 8 , is the inconsistency of the experimental data. For example, the two measurements around 3.7 GeV/c differ with a factor 3 and the data point at 10 GeV is suspiciously high compared not only to other data from this reaction but also compared to other isospin channels, which seem to show decreasing cross sections with increasing energy. The parametrizations in the other models differ strongly from our work. The Bertini cascade model and the GiBUU model, which uses the formula from [16] divided by a factor 1.5, are other compromises with the experimental data. fig. 9 , the Bertini cascade model reproduces well the experimental data near the threshold and at high energies but, the first interval being too wide, some part of the cross section is underestimated. The π − p → ΛK 0 cross section from the GiBUU model is close to the experimental data up to 1.4 GeV/c but, surprisingly, there are relatively large deviations from the experimental data at higher momenta. However, this deviation is in the energy range of the transition between the parametrization and the PYTHIA model (see above). Note also that the parametrization for the reaction π + p → Σ + K + from this work is slightly shifted to higher energies (about 10 MeV -so seen only at low energies) because the isospin invariance considers an equal mass for all particles belonging to a same multiplet. Here, the mass for a multiplet was considered as the heaviest mass of this multiplet and therefore, can produce this artefact.
The fig. 10 illustrates another important result: the predictions at high energies from the Bertini cascade model are significantly different from our results. However, since there are only very few experimental data in this energy range, we cannot state which model is more reliable. This phenomenon is also visible in fig. 11 , though with more physical relevance. Deviations between experimental data and predictions are not very problematic when cross sections are relatively low because other reactions dominate. However, deviations of two orders of magnitude as seen for the reaction fig. 11 ) are much more significant. Again, looking only at the experimental data, it is not obvious which of the parametrizations are correct. Fortunately, for this special case the deviations have a low impact on the entire cascade because antiKaons, except if they are projectiles, play a minor role (very low production yield).
Resonances are not treated directly in our work. However, they appear as Gaussians in the cross section parametrization. If the hadron exchange model is used to determine a missing channel, those resonances appear also in the missing channel cross section even if they cannot be the intermediate state because of quantum number considerations. As an example, the resonances fitted for the reaction K − p → Σ 0 π 0 ( fig. 11 ) appear also in the K − n → Σ 0 π − cross section fit, even if the third component of the isospin differs (0 for the former and −1 for the latter). Note that the GiBUU parametrization is not shown in fig. 11 because the reaction is treated in a different way using resonant and non-resonant cross sections. Therefore, no simple formula can be given. The fig. 11 and fig. 12 Unlike antiKaon-nucleon collision cross sections discussed above, the K + p elastic cross section is important for spallation process with either nucleons or pions as projectiles. This is due to the low production rate of antiKaons compared to Kaons. The fig. 13 shows that the cross section is well reproduced using the results from this work and in the Bertini cascade model. Also the GiBUU model gives a good description of the experimental data. Differences between the three different approaches are observable at low energies where the differences are not very relevant because of the lack of competing processes in this energy range. In contrast, the INCL2.0 model underestimates the cross sections over the entire energy range.
In general, the parametrizations of the three different models fit the experimental data (if available) rather well. However, if experimental data are missing in an energy range, fits can be very different.
The two last subjects developed in our work are charge repartition and phase space generation. Since information about phase space generation in other models is too scarce, a comparison between the different models is not possible. Considering charge repartition, different methods are used by the different models. The Bertini cascade model uses a simplified version [14] of the Iljinov et al. approach [24] . For the GiBUU model, the charge repartition is determined using isospin rules and, in the case πN → N KK, using the hadron exchange model with K * and π exchange diagrams. In INCL2.0, the charge repartition was determined using isospin invariance rules by neglecting interferences.
Conclusion
A comprehensive and consistent description of all relevant elementary reactions involving strangeness production, scattering, and absorption when a light particle hit a nucleus was performed. Here we focused on energies below 15 GeV. The considered reactions are compiled in tables 1 and 2. This work was motivated by the implementation of strange particle physics into the intranuclear cascade model INCL with two major goals: refinement of the high-energy modelling (beyond 2-3 GeV) and possibility to contribute to hypernucleus studies.
This description includes parametrization of reaction cross sections, charge repartition, and phase space generation. These parametrizations are based on experimental measurements, when available, in order to be as model independent as possible. Unfortunately, for the reaction cross sections less than 20% of the needed information can be obtained directly in this way. Therefore hypotheses and models are used to complete the parametrization. Isospin symmetry allows to parametrize a large number of cross sections by linking known and unknown cross sections. This is applied in two different ways, either by taking into account only the initial and final states (called Bystricky procedure) or by considering the isospin symmetry at each vertex of the Feynman diagrams used in a hadron exchange model. Nevertheless, still roughly one third of the cross sections needed additional information for a full characterization. Then, in few cases where experimental data were rare, it was necessary to use similarities, e.g., in the cross section ratios when one pion is added. Finally two types of reactions were fully based on modelling, i.e. without possible confrontation with experimental data : reactions with numerous particles in the final state (with increasing energy) and delta-induced reactions.
For quality control, we compared our cross sections to experimental data and parametrizations used in other models. They reproduce quite well the measurements, but assessing the quality of our cross sections for reactions and in energy ranges where no experimental data exist is still a problem. It is worth to mention that parametrizations differ often where no data point is measured. A typical case is the ∆-induced reactions that should play an interesting role. No measurements exist and our parametrization relies on a theoretical model stating that those channels contribute in a significant way in kaon and hyperon production [17] . This set of newly parametrized cross sections, dealing with strangeness, will be implemented in the INCL code and formulae are given in appendix B. Calculations of Kaon and hyperon production, as well as of hypernucleus production, from interactions of a light particle with a nucleus will be soon performed and compared to experimental data. According to the available measurements, not only the reliability of the parametrizations obtained in this work will be estimated, but also the role and the weight of the different elementary reactions analysed.Those comparisons could add new constraints on these latter.
We hope that this compilation of formulae will be useful, not only for the users of transport codes, but also to model developers and physicists, who are interested in hypernuclear physics. In what follows, N represents a nucleon, ∆ a Delta particle, B a nucleon or a Delta particle, Y a hyperon, π a pion, K a Kaon (excluding K 0 and K − ), and K an antiKaon. The reliability of equation displayed here are discussed in the paper. In resume, bold equations (coming from the Bystricky procedure) are highly reliable equations. Normal style equations (coming from the hadron exchange model) often used debatable hypotheses, which could produce surprising results but always consistent with equations in bold.
Reaction type: N K(K, Λ) → N K(K, Λ)
The reactions N K → N K, N K → N K, and N Λ → N Λ do not have symmetries, except the trivial ones. They also have threshold effects, therefore the hadron exchange model is not relevant for these reactions.
No solution with the Bystricky procedure
Reaction type:
The case of the reaction πN → ΣK is detailed in subsection 3.3.
B Parametrizations of elementary cross sections involving strange particles (K K Λ Σ) for incident energies from threshold up to 15 GeV.
Here we give for each considered new channel the full parametrization. If several cross sections are linked by a symmetry only one of the cross section parametrization is given. See appendix A for a complete list of symmetries between the cross sections.
In the following P lab is the momentum in the target nucleon frame of reference. Note that in INCL protons and neutrons are considered to have the same mass inside the nucleus then formulae given below are valid for proton and neutron targets.
Pions also have been given the same mass. Lambdas (anti)Kaons and Sigmas are considered with their real masses. The threshold for every channels of the same reaction is the same (the highest one calculated with the INCL masses) in order to remain consistent with the isospin invariance hypothesis.
Cross sections are always given in mb.
B.1 Elastic
Considering that data available for the elastic and quasi-elastic reactions ΣN → ΣN ΣN → ΛN and ΛN → ΣN are very scarce and with big uncertainties the choice to consider them as equivalent to the ΛN → ΛN was made.
12.8 exp(−6.2 10 
B.2 Inelastic
In this section if non specified momentum is in GeV /c. 
The 2 following formulae are coming from the results of the Fritiof model [25] . The following cross section results from the balance detailed of the previous cross section. 
σ(nK
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